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ABSTRACT
Acceleration of bulk motion of plasma due to magneto centrifugal mechanism is
investigated for different shapes of the field lines of 3-D magnetic field. It is shown that
this mechanism can be efficient provided that the field line is twisted into direction
of rotation. According to the last results of the numerical modelling a fraction of the
field lines with such geometrical shape apparently exist in the pulsar magnetosphere
close to the last closed field line. In this case the Lorentz factor γ increases with the
radius r along these field lines as γ ∼ (1− (rΩ/c)2)−1, where Ω - angular velocity of
the pulsar rotation. The magneto centrifugal mechanism provides acceleration of the
electrons to the energy which is sufficient to explain the observed VHE pulsed γ-rays
from Crab pulsar.
Key words: pulsars, plasma acceleration, magnetohydrodynamics, centrifugal accel-
eration
1 INTRODUCTION
Discovery of pulsed γ -rays with energy ∼ 400 GeV from
the Crab pulsar by Cherenkov telescopes MAGIC and VER-
ITAS (Aleksic, et al. 2012; Aliu, et al. 2011) initiated search
of mechanisms providing acceleration of electrons and gen-
eration of radiation of such energy (Aharonian, Bogovalov &
Khangulyan 2012; Bednarek 2013). Nevertheless, no widely
accepted mechanism of the particle acceleration has been
found up to now (Hirotani 2014). In this paper we consider
the well known mechanism of magneto centrifugal acceler-
ation of plasma. This mechanism has an evident mechan-
ical analogy (Blandford & Payne 1982). Every electron in
the magnetic field can be considered as a bear on a wire.
The bear slides along the wire and is centrifugally acceler-
ated at the rotation of the wire. However, this mechanism
looks not efficient for acceleration of relativistic plasma in
the pulsar magnetosphere. Analysis shows that for the rel-
ativistic plasma with high magnetization when the ratio of
the Poynting flux over the density of the kinetic energy flux
of the plasma σ  1 but σ/γ20  1 the centrifugal mech-
anism is disappointingly inefficient. The magnetic field line
appears twisted by the inertia of the plasma and electromag-
netic field into Archimedean spiral which does not provide
efficient interaction between plasma and the magnetic field.
In our earlier work (Bogovalov 2001) we argued that
the inefficiency of the centrifugal acceleration is proven only
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Figure 1. Schematic structure of the magnetic field of an oblique
rotator in the equatorial plane. View along the axis of rotation.
The field lines with positive twist are shown as dashed ones. Thick
lines show the field lines (current sheets) separating the open field
lines of opposite polarities.
for the axisymmetric models. Real pulsar magnetospheres
are not axisymmetric. There are field lines in a dipole mag-
netic field which are initially twisted into direction of ro-
tation (hereafter the positive twist). Rotation and plasma
outflow in such a field strongly modify the field line shapes.
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Nevertheless, apparently some fraction of the field lines re-
mains positively twisted in the limits of the light cylinder
in this case as well. These field lines are located close to
the field line separating closed and open field lines as it is
shown in fig. 1. The shape of these field lines in the limits
of the light cylinder strongly differs from the Archimedean
spiral. This assumption does not contradict to the numer-
ical simulations of the pulsar magnetosphere in force-free
and MHD approximations (Kalapotharakos & Contopoulos
2009b; Tchekhovskoy, Spitkovsky & Li 2013). Therefore, we
can expect that the plasma can be accelerated on these field
lines due to the centrifugal mechanism. The objective of this
paper is to consider how this mechanism operates assuming
that the positively twisted field lines exist in the pulsar mag-
netosphere. Firstly, we intend to investigate how the energy
of the plasma depends on the shape of the field line in 3-D
space. For this we need an equation defining variation of the
Lorentz factor of plasma along a magnetic field line of an
arbitrary shape in 3-D. This equation is obtained in section
2. In section 3 we obtain an estimate of the maximal energy
of the particles accelerated due to the magneto centrifugal
mechanism of acceleration and discuss the results in sec. 4.
2 ACCELERATION OF PLASMA IN CROSSED
ELECTRIC AND MAGNETIC FIELDS
2.1 Variation of the Lorentz factor along flow lines
We focus on the process of the plasma bulk motion accelera-
tion under the combined action of the electric and magnetic
fields. Therefore it is reasonable to neglect thermal pressure
to simplify the consideration. Equation of motion in MHD
approximation in this case takes the form
ρΩU˙ = qE +
1
c
[j×B] (1)
where E - electric field, j - density of the electric field, B -
magnetic field, ρ - density of plasma, q - density of electric
charge and the expression
U˙ =
∂U
Ω∂t
+ vk
∂U
∂xk
. (2)
means full derivative of the four-velocity U on time. v is the
velocity of plasma expressed in units of the light velocity
c. Geometrical variables are measured in the units of the
radius of the light cylinder Rc = c/Ω, where Ω is the angular
velocity of the pulsar rotation. The rotational velocity in
these variables is Vrot = r, where r is the cylindrical radius.
All the variables vary with time periodically. We assume
that the plasma flow satisfies to the frozen-in condition
E + [v ×B] = 0. (3)
This condition means that any particle of the plasma re-
mains on the field line during the motion.
The Electric field in the rotating magnetosphere is con-
nected with the magnetic field as follows (Beskin, Gurevich
& Istomin 1983)
E = −[Vrot ×B], (4)
where Vrot = [ez × r]. This follows directly from the induc-
tion equation
e
B
e
z
e
r
eϕ
Β
X
Y
Z
ψ
Figure 2. The geometry of the field lines and unit vectors.
∂B
Ω∂t
= −rot E, (5)
and the fact that the derivative of any vector field on time
in the rotating magnetosphere can be presented as
∂B
Ω∂t
= rot [Vrot ×B]. (6)
The velocity of plasma v can be presented as a sum of
velocity along the field line vB and perpendicular to the field
line vd. The last one is the so called drift velocity defined
from the frozen-in condition (3) as follows
vd = [E×B]/B2. (7)
Let us eϕ, er and ez are the unit vectors of the cylindrical
coordinate system along azimuthal, radial and axial direc-
tions. We introduce additional unit vectors ed, eB along
drift velocity and along the direction of the magnetic field
line as shown in fig. (2). Evidently, ed · eB = 0.
Substitution of (4) into (7) gives us
vd = Vrot(eϕ − eB(eϕeB)). (8)
Equation for the Lorentz factor of plasma γ can be ob-
tained from (1). Projection of this equation on the vector
UB gives
UB · U˙ = 0, (9)
where UB = γvB . Taking into account the well known
relativistic relationships γ2 = 1 + U2d + U
2
b and γdγ =
UddUd + UBdUB and substituting into eq. (9) the equation
UB = U−Ud we obtain
γγ˙ = Ud(U˙d + U˙B). (10)
The product Ud ·UB = 0. Therefore
UdU˙B = −UBU˙d (11)
and eq. (10) takes a form
γγ˙ = (Ud −UB)U˙d (12)
After substitution into this equation the time derivative
U˙d = γv˙d + vdγ˙ we obtain the following equation
(1− v2d)γ˙ = γ(vd − vb)v˙d. (13)
c© 2014 RAS, MNRAS 000, 1–8
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It is convenient to consider two parts of the right hand part
of this equation separately. The first part takes a form
vdv˙d =
1
2
v˙2d. (14)
v2d is defined from (8) as v
2
d = V
2
rot(1 − cosψ2), where ψ is
the angle between eϕ and eB and cosψ = eϕ ·eB. Therefore
this part of the equation takes a form
vdv˙d = Vrot sinψ
2V˙rot − V 2rot cosψ ˙cosψ. (15)
Taking into account eq. (8) it is easy to obtain that
v˙d = V˙rot(eϕ−eB cosψ)+Vrot(e˙ϕ−e˙B cosψ−eB ˙cosψ)(16)
Along the trajectory of the particles
e˙ϕ = −vϕ er
r
, (17)
and eB e˙B = 0, because eB · eB = 1. Taking both conditions
into account we obtain that
vBv˙d = −VrotvB(vϕ(ereB)
r
+ ˙cosψ). (18)
Substitution of eqs. (15) and (18) into eq. (13) gives that
(1− v2d)γ˙ = γ(rvr sinψ2 + vBvϕ(ereB)+ (19)
+r(vB − Vrot cosψ) ˙cosψ).
Here we took into account that Vrot = r and V˙rot = vr.
This equation can be simplified. The r component of
the full velocity v = vd + vB can be presented using eq. (8)
as
vr = (ereB)(vB − Vrot cosψ), (20)
while ϕ component of the velocity equals to
vϕ = vB cosψ + Vrot sin
2 ψ (21)
Then
(1− v2d)γ˙ = γ(rvr sinψ2 + vBvϕ(ereB) + rvr
˙cosψ
(ereB)
). (22)
2.2 Variation of the Lorentz factor along
magnetic field lines
Equation (22) defines the variation of the Lorentz factor of
plasma along the trajectory of the particles. Nevertheless,
they remain on the rotating field line at the motion due to
frozen-in condition. This allows us to obtain an equation
defining the variation of the Lorentz factor of the particles
along any fixed field line. Let’s pay attention that any scalar
satisfies to the equation
γ(t+ δt, r) = γ(t, r−Vrotδt) (23)
at the stationary rotation of the magnetosphere. Therefore
the full time derivative of γ along the plasma trajectory
transforms into
γ˙ = (v −Vrot)∂γ
∂r
. (24)
After substitution into this equation of the relationship
v −Vrot = eB(vB − Vrot cosψ) we obtain
γ˙ = vr
eB∂γ
(ereB)∂r
(25)
The derivative eB
∂γ
∂r
is taken along the filed line. The full
derivative of the Lorentz factor on t is transformed into
derivative of the Lorentz factor on the cylindrical radius r
taken along the field line as follows
γ˙ = vr
∂γ
∂r
(26)
For the equation defining the variation of the Lorenz factor
along a field line in 3-D space we obtain
(1− v2d)vr ∂γ
∂r
= γ(rvr sin
2 ψ + vBvϕ(ereB)+ (27)
+
rvr ˙cosψ
(ereB)
),
where
˙cosψ = vr
∂ cosψ
∂r
. (28)
3 GENERAL PROPERTIES OF THE FLOW
3.1 Crossing the light cylinder
Radial velocity of plasma is defined by eq. (20). Simultane-
ous multiply and division of this equation on (vB+Vrot cosψ)
gives
vr = (ereB)
(v2 − V 2rot)
(vB + Vrot cosψ)
. (29)
The nominator of this equation goes to zero at r = v. This
point is located very close to the light cylinder for the rel-
ativistic plasma. Radial velocity of plasma goes to zero in
this point provided that cosψ > 0 (positive twist). Plasma
can not cross this point. In the opposite case cosψ < 0 the
denominator of eq. (29) can go to zero in this point simulta-
neously with the nominator remaining vr nonzero. Thus, the
plasma can cross this point only if the field line has nega-
tive twist at r = v. Physical sense of this condition is rather
transparent. Below we will see that eq. (27) gives infinite
Lorentz factor in the point r = v provided that cosψ > 0.
This means that the inertia of plasma infinitely increases at
approaching to the point r = v and eventually the inertia
of plasma at some moment changes the twist of the mag-
netic field on the negative. This way in the self consistent
solutions the twist of the magnetic field lines is negative at
the point r = v always. Therefore, below we should consider
only physically admissible field lines having negative twist
at r = v.
3.2 The Archimedean spiral is an attractor
The shape of the magnetic field line in 3-D can be
parametrised by many ways. In this paper we assume that
the cylindrical radius r monotonically varies at the motion
along the field line from the surface of the star. This is ap-
parently valid for all open field lines along which plasma
flows from the magnetosphere. In this case the field line in
3-D can be parametrised by functions Φ(r) = ϕ − Ωt, az-
imuthal angle of the field line and Z(r), z coordinate of the
field line. They do not depend on time because every field
line simply rotates with constant angular velocity. In this
case the unit vector eB can be presented as
c© 2014 RAS, MNRAS 000, 1–8
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eB =
(er +
r∂Φ
∂r
eϕ +
∂Z
∂r
ez)√
1 + ( r∂Φ
∂r
)2 + ( ∂Z
∂r
)2
. (30)
The magnetic field line frozen into plasma forms an
Archimedean spiral if the plasma flows radially with con-
stant velocity V0. In this case Φ(r) depends on r as
Φ = − r
sinαV0
, (31)
where α is the polar angle of the plasma velocity. Function
Z(r) depends on r as follows
Z = r cotα. (32)
Therefore
(ereB) =
sinα√
1 + ( r
V0
)2
, (33)
and
cosψ = (ereϕ) = − r
V0
√
1 + ( r
V0
)2
, (34)
while
∂ cosψ
∂r
= − 1
V0
1
(1 + ( r
V0
)2)
3
2
. (35)
It is convenient to present this derivative through the prod-
ucts (eBeϕ) and (eBer). In this case
∂ cosψ
∂r
=
1
r
cosψ sinψ(
eBer
sinα
). (36)
It is easy to show that plasma with the velocity V0 has vB =
V0 sinψ, vr = V0 sinα and vϕ = 0. Substitution of these
equations into eq. (27) gives ∂γ
∂r
= 0. Thus, the plasma flows
in this magnetic field with the constant Lorentz factor. The
Lorentz factor γ0 =
1√
1−V 2
0
is stationary point of eq. (27).
The deviation δγ of the Lorentz factor is defined by the
equation
(1− v2d)vr ∂δγ
∂r
= 2γ0δvϕV0 sin
2 ψ sinα. (37)
It follows from (21) that
δvϕ = δvB cosψ (38)
while
δvB =
δγ
vBγ30
. (39)
In the primary flow vB = V0 sinψ, sinψ cosψ =
− r
V0(1+(
r
V0
)2)
and
1− v2d =
1 + ( r
U0
)2
1 + ( r
V0
)2
. (40)
At distance r  U0 the equation for δγ takes a form
∂δγ
∂x
= −δγ sinα
γ20
, (41)
where x = (r/V0)
2.
It follows from this equation that any deviation δγ goes
to zero with r. This means that the trajectory γ(r) = γ0
attracts all other trajectories. To understand the behavior of
the initial deviation of the Lorentz factor at the conditions
when δγ ≈ γ0 eq. (27) has been solved numerically. The
result is shown in fig. 3.
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Figure 3.Dependence of Lorentz factor on radius in the magnetic
field of Archimedean spiral with V0 = 0.99 and polar angle α =
900. The horizontal line shows the Lorentz factor for γ = γ0. One
family of lines starts from r0 = 0.01, another family starts at
r0 = 15. All the trajectories converge to γ = γ0.
The solution confirms that the stationary point γ = γ0
is the attractor even for large deviation of γ from γ0.
3.2.1 Acceleration at V0 > 1
The case V0 > 1 looks unphysical at first glance. In this case
V0 should be considered as a parameter defining the twist
of the spiral, not the actual velocity of the plasma forming
the magnetic field. We consider this example to understand
the behaviour of plasma when the field lines are twisted
less than it happens in the limiting case of the radial wind
expanding with a constant velocity. Fig. 4 shows the de-
pendence of the Lorentz factor on r for a range of V0 > 1.
The plasma is accelerated linearly with r if V0 = 1. It is
possible to make sure by direct substitution into eq. (27)
that the solution u = r is the exact solution of eq.(27) for
the perfect Archimedean spiral with the parameter V0 = 1.
This corresponds to the behaviour of the Lorenz factor in
the force-free model with the split monopole magnetic field
(Narayan, McKinney& Farmer 2007).
At V0 > 1 the Lorentz factor diverges at final distance
from the center. The position where this happens is defined
by the condition vd = 1. In framework of our parametriza-
tion of the field line this condition is fulfilled at distance
r = V0√
V 2
0
−1 . According to this equation the point where the
plasma gets infinite Lorentz factor is located at a few light
cylinders even at a small deviation of V0 above 1. Fig. 4
shows that V0 = 1.01 results to divergence of the Lorentz
factor at distance r ∼ 7 light cylinders. Here we firstly deal
with the divergence of the Lorentz factor in some point. It is
necessary to keep in mind that this divergence appears only
because we use the prescribed shape of the magnetic field
line. In real self consistent solution the growth of the Lorentz
factor results into growth of the inertia of the plasma which
obviously increases the twist the magnetic field preventing
infinite growth of the plasma Lorentz factor. Therefore, the
terminal energy of the plasma can be defined only in the
self consistent solution. Nevertheless, our approach allows
c© 2014 RAS, MNRAS 000, 1–8
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Figure 4. Dependence of the Lorentz factor of plasma on r for
different parameters V0 > 1
us to specify the most interesting regions where the efficient
acceleration should take place.
This particular example of motion in the field of perfect
Archimedian spiral allows us to make rather general conclu-
sion. If the negative twist is less than the twist of the Archi-
median spiral with V0 = 1, then the plasma can be essen-
tially accelerated down stream the light cylinder. Obviously,
this behaviour was found by Tchekhovskoy, Spitkovsky & Li
(2013). The distribution of the four-velocity in the equato-
rial plane from their work is shown in fig 6. We selected
for example two field lines numbered as 1 and 2. Field line
1 was twisted negatively in the original dipole magnetic
field. There is only weak acceleration of the plasma along
this line. Field 2 was twisted positively in the original vac-
uum dipole magnetic field. Plasma is accelerated rather ef-
ficiently down stream the light cylinder along this field line.
The acceleration occurs faster than u = r (see fig. 2c from
(Tchekhovskoy, Spitkovsky & Li 2013)). This means that
field line 2 is twisted in the negative direction less than the
Archimedian spiral with V0 = 1. This example shows that
the initially positively twisted field lines ( in the sense of
the initial dipole magnetic field) can provide remarkable ac-
celeration of plasma even down stream the light cylinder,
exactly in accordance with the predictions of the work (Bo-
govalov 2001). Of course, only full self consistent solution of
the problem in MHD approximation can define the terminal
Lorentz factor of the plasma in this case.
3.3 Magnetocentrifugal acceleration at V0 < 0.
Below we show that the law of the Lorentz factor variation
along the field lines is rather universal for the field lines hav-
ing positive twist and estimate the possible maximal Lorentz
factor which can be achieved due to this mechanism.
3.3.1 Solution of the equation
It is convenient to consider equation (27) in the ultrarela-
tivistic limit. This approximation is reasonable because even
the initial Lorentz factor of plasma in the pulsar magneto-
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Figure 5. Dependence of Lorentz factor on r. Lower curve is
solution (47). Dashed, dashed-doted and dotted curves are the
solution of eq. (29) for V0 = −10,−1 and −0.1 correspondingly.
Lower solid line - solution(47
sphere exceeds 10-100. In this limit v = 1 and the component
of the velocity along the magnetic field equals to
vB =
√
1− v2d. (42)
Using eq. (20) and (21) it is easy to obtain that
Vrotvr sinψ
2 + vBvϕ(ereB) = (ereB)(2vBVrot sinψ
2+ (43)
+(2v2B − v2) cosψ).
Let us to divide this equation on vr taking into account that
this variable is defined by eq. (29). Simple transformations
give
(Vrotvr sinψ
2 + vBvϕ(ereB))× (vB + Vrot cosψ
ereB
) = (44)
= (2v2BVrot +
v2vr cosψ
(ereB)
)
Taking this into account we obtain
∂γ
γ∂r
=
2r
(1− r2) +
vr(v
2 cosψ + r(1− r2) ∂cosψ
∂r
)
(1− r2)(ereB)(1− v2d)
. (45)
We used here also eq. (42) and the fact that Vrot = r.
At the light cylinder r = 1 the first term in the right
hand part of eq. (45) diverges while the second one remains
finite. Therefore, the variation of the Lorentz factor at the
light cylinder is defined basically by the approximate equa-
tion
∂γ
γ∂r
=
2r
(1− r2) , (46)
which has trivial solution
γ =
γ0(1− r20)
(1− r2) . (47)
This solution does not depend on the shape of the field line
provided that the field line is positively twisted. In this case
cosψ > 0 and this provides us that the second term in the
right hand part of eq. (45) is small compared with the first
one at the light cylinder. It is easy to obtain that exactly
the same law of variation can be obtained for the Lorentz
c© 2014 RAS, MNRAS 000, 1–8
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1
2
Figure 6. Distribution of the plasma four-velocity in the equa-
torial plane of a pulsar rotating under angle 600 taken from
(Tchekhovskoy, Spitkovsky & Li 2013). Solid circles point onto
locations of remarkable acceleration of plasma at the light cylin-
der presumably due to centrifugal mechanism. Dashed lines show
possible shape of the field lines crossing the light cylinder in this
place. Inclusion at the upper right corner shows in more details
the structure of the flow and magnetic field at the place of accel-
eration. Dashed line - light cylinder, dotted line - Alfven surface,
Dashed-dotted line - separatrix field line.
factor of a particle moving along a rotating straight solid
wire. This is the law of acceleration due to the magneto
centrifugal force. This dependence for the acceleration on a
straight field line directly follows from eq. (45) if to take into
account that for these field lines cosψ = 0 and ∂ cosψ
∂r
= 0.
To make sure that the behaviour of the Lorentz factor
at the light cylinder does not depend on the shape of the
field line eq. (27) has been solved for the field lines having
shape of the Archimedean spiral but with V0 < 0. The result
is shown in fig. 5 in comparison with solution (47). It follows
from this figure that all the field lines give universal solution
for the Lorentz factor at the light cylinder.
It is interesting again to compare our results with the
results of direct calculations of the pulsar magnetosphere in
MHD approximation. Fig. 6 is taken from Tchekhovskoy,
Spitkovsky & Li (2013). This figure shows distribution of
the four-velocity in the equatorial plane of the pulsar having
the angle of inclination 600. There is interesting evidence of
the plasma acceleration at the light cylinder close to the
separatrix field line ( or current sheet). This region is shown
by circles. Unfortunately, the shape of the field lines in the
most interesting region is not shown by the authors in this
figure. Therefore, we draw our assumptions about the shape
of the field line in this region by dashed lines. The circled
inclusion at the right upper corner of the figure shows the
possible structure of the field lines close to the region at the
light cylinder when the closed field lines reach the Alfvenic
surface.
3.4 Maximal energy of electrons
The Lorentz factor of plasma diverges and the radial ve-
locity goes to zero at the light cylinder if cosψ > 0. The
passage through the light cylinder is impossible if the field
line has positive twist. All open field lines must have nega-
tive twist here. Therefore, the largest Lorentz factor which
can be achieved by plasma is defined by the location where
the field lines change the direction of twist. According to the
geometry presented in fig. 1 the field lines closest to the last
closed field line have positive twist up to the point where
the current sheet separating the magnetic fluxes of oppo-
site polarities takes start. The question about structure of
the magnetic field in this region is not investigated in ideal
MHD approximation. In force-free approximation the closed
magnetic field lines can reach the light cylinder (Gruzinov
2005; Timokhin A.N. 2006; Contopoulos, Kazanas & Fendt
1999). However this is not true in the case of MHD flow
(Contopoulos 2009a). At present it is possible only to spec-
ulate about the largest distance from the star where the
closed filed lines can reach because even a direct calculation
of the structure of the magnetosphere near the light cylin-
der does not give unambiguous answer (Komissarov 2006).
In this paper we assume that the closed field lines can reach
the Alfvenic surface where the velocity of plasma equals to
the local Afvenic velocity as it is shown in inclusion into fig.
6.
The velocity of plasma equals to the local Alfvenic ve-
locity in the Alfvenic point located at distance rA from the
star. In the frame system where the electric field equals to
zero this condition can be expressed by the following equa-
tion
(1− B
2
c
4piρ∗U2c
) = 0. (48)
Here Uc and Bc are four velocity and magnetic field in the
system coordinate comoving with the velocity of rotation at
the Alfvenic point. ρ∗ is the density of plasma in the comov-
ing coordinate system where the plasma velocity equals to
zero. In the system comoving with the rotational velocity at
the Afvenic surface the ratio
B2c
U2c
=
B2rc
U2rc
, where Brc and Urc
are the radial components of the magnetic field and four-
velocity in the comoving system. Now let us to use that the
magnetic field Brc is connected with the magnetic field in
the laboratory frame system as follows
B2rc = B
2
r − E2z = (1− r2A)B2r . (49)
This is the consequence of the relativistic invariant B2r −
E2z = const. The component of the four velocity Ur is the
relativistic invariant as well. Therefore Ur = Urc. Taking all
this into account eq. (48) can be rewritten as
(Ur − (1− r
2
A)B
2
r
4piρ∗c2Ur
) = 0. (50)
The continuity equation
∂ρ
∂t
+
∂ρv
∂r
= 0 (51)
can be rewritten for the steady state rotation of the magne-
tosphere in the form ∂ρ(v−Vrot)
∂r
= 0. Taking onto account
that v −Vrot = eB vr(ereB) the last equation can be pre-
sented in the form
c© 2014 RAS, MNRAS 000, 1–8
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∂
∂r
Bρvr
(ereB)B
=
∂
∂r
B
ρvr
Br
= 0. (52)
This means that the ratio ρvr
Br
is constant along the field
line. Therefore, eq. (50) can be rewritten as
(Ur − (1− r2A)Br Br0
ρ0c2vr0
) = 0, (53)
where Br0, vr0 ρ0 are the initial radial components of the
magnetic field and velocity as well as initial density of
plasma.
Dependence on r of the velocity near the light cylinder
can be obtained from eq. (29) as
vr = (ereB)
(1− r2A)
2 cosψ
. (54)
This means that
Ur = (ereB)
γ0
2 cosψ
(55)
remains finite at the light cylinder. Substitution of the last
equation into eq. (53) gives that
(1− r2A) = 4piρ0c
2(ereB)γ0
2 cosψB20
(
R0
RL
)3, (56)
where we assumed that the magnetic field at the light cylin-
der is connected with the field B0 at the surface of the neu-
tron star as Br ≈ B0(R0rL )
3, where R0 is the radius of the
star. This equation allows us to estimate the relative differ-
ence between the radius of the Alfvenic point and the light
cylinder. It equals to
δr
RL
=
2piρGJγGmc
2(ereB)
B2(eBeϕ)
(
R0
RL
)3 = (57)
= 10−4(
γG
107
)(
33 ms
P
)4(
4.4 · 1012G
B
)(
R0
10km
)3(
ereB
eϕeB
)
Here ρGJ =
ΩB
2piec
is the Goldreich-Julian density of particles
(Goldreich & Julian 1969) and γG ∼ 107 is the Lorentz factor
to which an electron is accelerated in the electrostatic gaps.
Substitution of eq (56) into eq. (47) gives an estimate of
the maximal energy of the accelerated electrons as follows
γmax =
2(eϕeB)
(ereB)
B20R
3
0
4piΛρGJc2
, (58)
where Λ ∼ 103 is the multiplication factor showing the effect
of the multiplication of the plasma in the electromagnetic
cascade in the magnetosphere (Daugherty & Harding 1982).
Estimates give for γmax
γmax = 5·107(10
3
Λ
)(
R0
10km
)3(
33ms
P
)2(
B
4 · 1012G)(
eϕeB
ereB
).(59)
It follows from these estimates that for Crab parameters
the Lorentz factor can achieve value 5 · 107 which is quite
sufficient to explain the observed pulsed radiation from this
pulsar.
4 DISCUSSION
We show that in ideal MHD approximation the energy of the
plasma is defined entirely by the 3-D geometrical shape of
the magnetic field lines. Eq. (27) can be used for a posteriori
calculation of the energy of plasma provided that the shape
of the field lines are calculated some way. This can be done
for example in the case of calculation of the pulsar magneto-
sphere in force-free approximation performed in Spitkovsky
(2006); Kalapotharakos & Contopoulos (2009b). Energy of
the plasma remains undefined in this approximation.
The most interesting result is the possibility of magneto
centrifugal acceleration of plasma bulk motion close to the
light cylinder. This mechanism can provide acceleration of
plasma up to γ ∼ 107 for the Crab parameters provided that
the region of closed field lines achieve the Alfvenic surface.
In this case a positively twisted flux of magnetic field lines
stretched up to the Alfvenic surface exists. Currently it is
impossible to predict the amount of the magnetic and parti-
cle flux of these field lines. This problem should be specially
investigated in numerical calculations of the pulsar magne-
tosphere.
It follows from our consideration that the magnetocen-
trifugal mechanism can provide acceleration only of a small
fraction of the electrons of the wind. All the rest of the
wind will move with the bulk Lorentz factor of the order of
γ0. In this regard it becomes interesting the interaction of
the energetic electrons with the electrons of the wind. How-
ever, consideration of this problem is beyond of scopes of
the present paper.
The existence of the field lines where the magneto cen-
trifugal acceleration can occur opens new way for interpre-
tation of the observed pulsed VHE radiation from the Crab
pulsar with energy ∼ 400 GeV. In the work (Aharonian, Bo-
govalov & Khangulyan 2012) this radiation has been inter-
preted as the inverse Compton radiation from the electrons
of the wind accelerated ∼ 30 light cylinders downstream the
light cylinder provided that all the electrons of the wind are
accelerated to the Lorentz factor ∼ 106. Actually, our analy-
sis combined with the results of (Tchekhovskoy, Spitkovsky
& Li 2013) confirms that the efficient acceleration not all but
remarkable fraction of the wind electrons can occur beyond
the light cylinder. Nevertheless, the situation dramatically
changes if only a tiny fraction of the electrons is accelerated
at the light cylinder. In this case there is no overproduction
of VHE gamma-rays and the observed pulsed VHE gamma-
rays can be generated at the light cylinder. If so, we immedi-
ately come to the conclusion that all the rest of the radiation
from the Crab pulsar is generated at the light cylinder in the
same place where the pulsed VHE gamma-rays are gener-
ated because all the radiation is well synchronized in phase.
This is natural from physical point of view. The twist of the
magnetic field should vary very fast at the place of accelera-
tion. Remind that the twist should change from positive at
the Alfvenic surface to negative at the light cylinder. There-
fore, it is naturally to expect generation of rather intensive
curvature radiation from the same electrons. All this shows
that the region close to the last closed field line can be very
interesting for the numerical investigation of the physics of
pulsars in ideal MHD approximation.
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